Abstract. Given a compact connected simple Lie group © and a positive integer N relatively prime to the order of the Weyl group we give a counting formula for the number of conjugacy classes of elements x of order N in 0 with the property that the N-cyclotonic field when viewed as a Galois extension of the field of characters of x has Galois group containing a fixed chosen cyclic group 9. The case 'S = {1} recovers a formula, due to Djokovic, which counts the number of conjugacy classes of elements of order dividing N in «5 .
Introduction
In this paper we derive polynomial formulas for the number of conjugacy classes of elements of order TV coprime with the order of the Weyl group W of a compact connected simple Lie group whose character values generate an extension of Q contained in certain number fields.
This result generalizes that of [DP] ( [PW] ) where the case N = pK (N = p, respectively) was treated. It also generalizes Djokovic [Djkl] .
Let 0 be a (real) compact connected simple Lie group. As in [DP] and [PW] we define a lattice Y corresponding to a fixed maximal torus X of (5 via the following short exact sequence (i) o^r^t CTp2"'(,),s^i where t = it', with t' the Lie algebra of X, and / = %/-T • The Weyl group W of © acts on the lattice Y and hence on V = C ®z Y. Given an element w £ W, the multiplicity of the dth root of unity C¿ := e2l"ld as an eigenvalue of w in V is denoted by (2) fd(w).
(If Cd is not an eigenvalue of w , fd(w) is defined to be 0.) Note that d\m¡+ 1 for some 1 < / < /, where mx, ... , m¡ are the exponents of 0 . In particular [Spg, Theorem 3.4 We consider elements x of finite order of 0. If x 6 Ô has order N, then the character value try(p(x)) of any finite dimensional (complex) representation (p, V) of 0 is contained in the cyclotomic field Q(Civ) where Cat = e2*'/^. The subfield of Q(£aO generated by all such character values is called the field of characters of x and is denoted by A(x). As in [DP] , we then define the Galois group of x by (5) Gal(x) := Gal(Q(í*)/yá(jt)) which we will view as a subgroup of (Z/NZ)* by means of the natural description of Gal(Q(Cv)/Q) •
We fix a positive integer N with prime factorization (6) N = p*i-pfwhere px, ... , ps are distinct primes not dividing the order of the Weyl group W of 0. We fix a cyclic subgroup ^ of (Z/NZ)* as well as a generator (7) a£W and we set, for I < i < s, For the remaining part of this section we consider the case of a cyclic group f = (a) ç (Z/NZ)* as in (7), and we denote by 
Proof of the theorem
In this section we consider, as in (6), a positive integer N = Y[si=l pf' relatively prime with \W\. As in (7), we fix a cyclic subgroup W with generator a £ (Z/NZ)* ; we let «,, 1 < í < j, be as in (8). Note that ]C*2). fc a*;.,kh is the number of elements w of W with 1 asan eigenvalue of multiplicity kx, which we will denote 5^,(1) (as in [PW] ). Thus, G(qx(e),...,qh(e)) = -^Y,s^^(e)klki But, from [Sim] , the right-hand side of this equality is given by n!=i(mi + Q\{e))/(mi + 1) where mx, ... , m¡ are the exponents of W.
As an intermediate step we therefore have the following We now finish the proof of Corollary 1. Assume Djokovic's formula is true for any M < N (it is obviously true for N = 1). Then, using an "inclusionexclusion" argument, the number of conjugacy classes of elements of exponent N but order less than N is easily seen to be (14) £ (-l)W-lv(qi(e)).
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Combining (13) and (14), we conclude that the total number of conjugacy classes of elements of exponent N is equal to ^(<7i(0)), which is u(N), as was to be shown. D Next, we show how [DP, Theorem 1] follows from the Theorem. We fix a prime number p not dividing \W\, and an integer K > 1. We set N = pK . So, adopting the notation of (6), we have s = 1. We fix a subgroup of Gal(Q(£jv)/Q) « (Z/pKZ)*, necessarily cyclic, say (a). We set « = ord(a) as in (8). So, here, nx= « .
If x is any element of 0 of order N = pK , then its Galois group Gal(x) is a subgroup of the cyclic group Gal(Q(Cv)/Q) > and hence is determined by its order, called the depth of x .
[DP, Theorem 1(a)] counts the number of conjugacy classes of elements of order pK, with depth divisible by «, i.e., in the present context, with (a) ç Gal(x). In view of Proposition 1 (a) (or [DP, Proposition 2(a)]), we may assume that «|gcd(p -1, e(w)), as in the hypothesis of [DP, Theorem 1(a) ].
In [DP, PW] , the polynomials used to do this counting, are From (15), we rewrite (16) as A"(pK)-A"(pK~l). All together, we have derived the following result from the Theorem.
